
Lecture XIII: Gravitational waves: generation and propagation
(Dated: October 4, 2019)

I. OVERVIEW

We are now ready to consider gravitational waves, again in the weak field regime. This is material from §§9.3 and
9.1, but I will present it a bit differently – we will start from linearized gravity and consider what happens far from
a region containing matter. Most of this lecture will be in 3+1 notation, unless we specifically invoke a Greek index.

II. THE FAR FIELD OF AN OSCILLATING SOURCE IN LINEARIZED GRAVITY

Let’s now suppose that we have a region containing matter whose stress-energy tensor has an oscillatory component:

Tαβ(xj , t) = Sαβ(xj)e−iΩt, (1)

with Ω > 0 (it is important here that Ω 6= 0; because only the real part will be taken to have physical significance,
we can restrict to positive frequencies). By the principle of superposition, in linearized gravity, we can consider the
stationary and dynamic parts of the stress-energy tensor separately. If the stress-energy tensor of the source has
higher harmonics (e.g., a binary star on an eccentric orbit) then we can consider each frequency separately.

A. The basic equations, and regularization of the singularity

We start from the equation of linearized gravity,

�h̄αβ = −16πTαβ , (2)

or – with time written separately –

(∇2 − ∂2
t )h̄αβ(xj , t) = −16πSαβ(xj)e−iΩt. (3)

Now since the right-hand side is oscillatory, we expect the left-hand side to have the same oscillatory time dependence.
Thus we might expect to write:

(∇2 + Ω2)h̄αβ(xj , t) = −16πSαβ(xj)e−iΩt. (4)

Going to Fourier space using the 3D Fourier transform rule:

f(x) =

∫
d3k

(2π)3
f̃(k) eik·x, f̃(k) =

∫
x f(x) e−ik·x, (5)

we find

(−k2 + Ω2)˜̄hαβ(k, t) = −16πS̃αβ(k)e−iΩt. (6)

The problem with this is that it leads to a singularity if k = Ω (where k is the magnitude of k); the basic reason is
that at k = Ω, there can be a propagating wave in the metric even in the absence of any matter. Such a wave is called
a gravitational wave.

The correct way to handle the k = Ω singularity in Eq. (6) depends on the physical situation. However, the usual
case of interest is that one starts from a situation where there were no gravitational waves in the distant past. This can
be mimicked by replacing Ω→ Ω+iε in Eq. (1), so that the oscillatory part has an extremely small ∝ eεt dependence.
With this replacement, and taking ε→ 0+, we have

[−k2 + (Ω + iε)2]˜̄hαβ(k) = −16πS̃αβ(k)e−iΩt. (7)

(We only keep ε on the left-hand side since this is where it will matter.) Then:

˜̄hαβ(k, t) =
16π

k2 − (Ω + iε)2
S̃αβ(k)e−iΩt. (8)

This is the formal solution for gravitational wave generation from any distribution of stress-energy that has oscillatory
time dependence. Our next step is to make the source compact in space, which is the most relevant case in astrophysics.
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B. A compact source

Let us now suppose that we are far away from a source contained within a small region of space (radius R). This

means that the function S̃αβ(k) is a smooth function, varying on a scale ∆k ∼ 1/R. We may write Eq. (8) in real
space again:

h̄αβ(x, t) =

∫
16π

k2 − (Ω + iε)2
S̃αβ(k)e−iΩt eik·x d3k

(2π)3
. (9)

If we write x = rn̂ and k = kk̂ (3-vector equations!) then

h̄αβ(x, t) =

∫ ∞
0

∫
S2

16π

k2 − (Ω + iε)2
S̃αβ(k)e−iΩt eikrµ d2k̂ k2 dk

(2π)3
, (10)

where µ = k̂ · n̂ is the cosine of the angle between k and x, and S2 is the unit sphere.
To simplify this, I will use the fact that for a smooth function f on the sphere, in the limit of large kr, we have∫

S2

f(k̂) eikrµ d2k̂ ≈
∫ 2π

0

∫ 1

−1

f(k̂) eikrµ dµdψ

=

∫ 2π

0

1

ikr

∫ 1

−1

f(k̂)
d

dµ
eikrµ dµdψ

=

∫ 2π

0

[
1

ikr
f(k̂)eikrµ|1µ=−1 −

1

ikr

∫ 1

−1

df(k̂)

dµ
eikrµ dµ

]
dψ

≈
∫ 2π

0

1

ikr
f(k̂)eikrµ|1µ=−1 dψ

=
2π

ikr
[f(n̂)eikr − f(−n̂)e−ikr], (11)

where we set ψ to be the longitude of k̂ and used the fact that for large enough r, 1/(ikr)×df(k̂)/dµ can be neglected

compared to f(k̂) (the integration by parts could be repeated to generate a power series in 1/r). We thus turn Eq. (10)
into

h̄αβ(x, t) =
4

πir

∫ ∞
0

1

k2 − (Ω + iε)2
[S̃αβ(kn̂)eikr − S̃αβ(−kn̂)e−ikr]e−iΩt k dk. (12)

We may use the fact that the integrand is even to extend the range of integration:

h̄αβ(x, t) =
2

πir
e−iΩt

∫ ∞
−∞

1

k2 − (Ω + iε)2
[S̃αβ(kn̂)eikr − S̃αβ(−kn̂)e−ikr] k dk, (13)

and then the second term is redundant:

h̄αβ(x, t) =
2

πir
e−iΩt

∫ ∞
−∞

2k

k2 − (Ω + iε)2
S̃αβ(kn̂)eikr dk. (14)

The easiest way to do this integral is by contour integration: the integral is taken to be along a path C from −∞
to ∞ along the real line, but we imagine the real line to be part of the complex plane. Since there is a factor of
eikr that goes exponentially to zero if k has a positive imaginary part, we close the contour in the upper half plane.
Now as long as a function is analytic [1], its integral does not depend on the path chosen; we could take the contour
and close it down to a point and then the integral is zero. However, the function written here fails to be analytic at
k = ±(Ω + iε). The failure at −(Ω + iε) is not important since it is in the lower half plane and does not interfere with
our ability to shrink the contour to a point. However the failure at Ω + iε is an issue. If we replace Eq. (14) with a

contour that is a tiny little circle around k = Ω + iε, then S̃αβ(kn̂)eikr can be approximated by its value at k = Ω + iε
and pulled out of the integral. Then:∫

C

2k

k2 − (Ω + iε)2
dk = ln[k2 − (Ω + iε)]|finish

start = 2πi, (15)
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where we have noted that lnx = ln |x| + i arg x increases by 2πi if x goes around zero counterclockwise (the phase
arg x increases by 2π). This leads to

h̄αβ(x, t) =
4

r
e−iΩtS̃αβ(Ωn̂)eiΩr (large r). (16)

This has the form of an outward-traveling wave going at the speed of light: it is proportional to eiΩ(r−t). Note further
that the amplitude is ∝ 1/r, as one expects for a wave expanding in 3 dimensions (where the flux scales as ∝ 1/r2).

C. Radiation from a non-relativistic source

Of special interest is radiation from a non-relativistic source, where the velocities are v � 1. It follows that the
frequencies of interest are Ω ∼ v/R � 1/R, where R is the length scale of the system. Thus ΩR � 1 and when we
write the Fourier transform of the source we can expand the exponential:

S̃αβ(Ωn̂) =

∫
R3

Sαβ(x)

(
1− iΩn̂ix

i − 1

2
Ω2n̂in̂jx

ixj + ...

)
d3x (17)

and thus take the first few terms (the first few moments of S̃αβ). Let us consider each of these moments, going
through order Mv2 where M is the total mass. We further make use of the fact that since Tαβ,β = 0, we have

Sαi,i − iΩSα0 = 0 → Sα0 = −iΩ−1Sαi,i. (18)

We first consider the 00 component of S̃αβ . This is:

S̃00(Ωn̂) =

∫
R3

S00(x) d3x− iΩn̂i

∫
R3

S00(x)xi d3x− 1

2
Ω2n̂in̂j

∫
R3

S00(x)xixj d3x+ ... . (19)

The first term is of order M , and subsequent terms have additional factors of v. However, using Eq. (18) and
integration by parts, we find: ∫

R3

S00(x) d3x = −iΩ−1

∫
R3

S0i
,i(x) d3x = 0. (20)

(This is saying that the total energy can’t oscillate.) Furthermore,∫
R3

S00(x)xi d3x = − i

Ω

∫
R3

S0j
,j(x)xi d3x =

i

Ω

∫
R3

S0j(x)xi,j d3x =
i

Ω

∫
R3

Skj,k(x)δij d3x = 0. (21)

(This is saying that the center of mass position can’t oscillate.) Thus the leading term is the last term. We define,
for future reference, the quadrupole moment tensor:

Qij =

∫
R3

S00(x)xixj d3x, (22)

with

S̃00(Ωn̂) = −1

2
Ω2n̂in̂jQ

ij =
1

2
n̂in̂jQ̈

ij . (23)

Now let’s consider the 0i component of S̃αβ . Here:

S̃0i(Ωn̂) =

∫
R3

S0i(x) d3x− iΩn̂j

∫
R3

S0i(x)xj d3x+ ... . (24)

The first term is Eq. (21) and vanishes. To understand the second term, define

M ij ≡
∫
R3

S0i(x)xj d3x = − i

Ω

∫
R3

Ski,k(x)xj d3x =
i

Ω

∫
R3

Ski(x)xj ,k d3x =
i

Ω

∫
R3

Sji(x) d3x. (25)
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Thus M ij is symmetric. (This is equivalent to saying that the angular momentum can’t oscillate.) Now note that

Qij = − i

Ω

∫
R3

S0k
,k(x)xixj d3x =

i

Ω

∫
R3

S0k(x)(xixj),k d3x =
i

Ω

∫
R3

S0k(x)(δikx
j + δjkx

i) d3x = 2
i

Ω
M jk. (26)

We conclude that to the relevant order:

S̃0i(Ωn̂) = −1

2
Ω2n̂jQ

ij =
1

2
n̂jQ̈

ij . (27)

Finally, we consider the ij component:

S̃ij(Ωn̂) =

∫
R3

Sij(x) d3x = iΩM ij = −1

2
Ω2Qij =

1

2
Q̈ij . (28)

We thus find the metric perturbation, written in matrix form:

h̄αβ(x, t)→ 2

r
eiΩ(r−t)

(
n̂TQ̈n̂ n̂TQ̈

Q̈n̂ Q̈

)
. (29)

D. Transverse traceless gauge

Just because there is a metric perturbation that propagates away from the source does not imply there is a physical
wave; for all we know, it could just be a wave in the coordinate system with no physical consequence (i.e., a pure
gauge mode). To see what portions of the wave can be eliminated by a gauge transformation, let’s first consider a
generic gauge perturbation around flat spacetime: we see that

xα = xᾱ + ξα, (30)

where ξ is a 4-vector function of spacetime. This perturbation results in a change in the metric tensor,

gᾱβ̄ =
∂xµ

∂xᾱ
∂xν

∂xβ̄
ηµν = (δµᾱ + ξµ,ᾱ)(δνβ̄ + ξν ,β̄)ηµν = ηᾱβ̄ + ξβ̄,ᾱ + ξᾱ,β̄ . (31)

Thus a pure gauge perturbation is described by

hᾱβ̄ = ξβ̄,ᾱ + ξᾱ,β̄ (32)

or

h̄ᾱβ̄ = ξβ̄,ᾱ + ξᾱ,β̄ − ξµ̄,µ̄ηᾱβ̄ . (33)

Note that since this is already a first order perturbation, this can be written in either the original or the perturbed
coordinate system. We call this the gauge change “generated by” ξ.

Let’s consider how this applies to a plane wave going in the +z direction so ∂3ξ
α = ∂0ξ

α = ξ̇α. If we have ξ as a
function of only z and t, then

∆h̄→


ξ̇3 − ξ̇0 ξ̇1 ξ̇2 ξ̇3 − ξ̇0

ξ̇1 −ξ̇0 − ξ̇3 0 ξ̇1

ξ̇2 0 −ξ̇0 − ξ̇3 ξ̇2

ξ̇3 − ξ̇0 ξ̇1 ξ̇2 ξ̇3 − ξ̇0

 . (34)

Comparing this to Eq. (29) in the far field of the +z direction, where the outgoing wave is essentially a plane wave,
tells us that with the choice:

ξ̇α → −2

r
eiΩ(r−t)

(
− Q̈11 + Q̈22

4
− Q̈33

2
, Q̈13, Q̈23,−

Q̈11 + Q̈22

4
+
Q̈33

2

)
, (35)

we arrive at the metric

h̄→ 2

r
eiΩ(r−t)


0 0 0 0

0 1
2 (Q̈11 − Q̈22) Q̈12 0

0 Q̈12
1
2 (Q̈22 − Q̈11) 0

0 0 0 0

 . (36)



5

The new gauge is called transverse-traceless (TT) gauge, and is denoted by h̄TT
αβ . It is completely transverse (no metric

components in the time or longitudinal direction) and is traceless, so h̄TT
αβ = hTT

αβ . Using the transverse projection

matrix Π⊥ = I3×3 − n̂n̂T, we write this in a form that doesn’t depend on the observer being on the z-axis. The
spatial part of the metric perturbation (the only part that is non-zero) is

hTT =
2

r
eiΩ(r−t)

(
Π⊥Q̈Π⊥ −

1

2
Π⊥Tr[Π⊥Q̈]

)
. (37)

Note, however, that TT gauge only applies to the far field of the source. A gravitational wave detector on Earth
observing a distant binary star can work in TT gauge, but an observer within the binary star cannot.

The TT condition completely defines ξ, so what is left is a real wave in the geometry and not just a wiggly coordinate
system on flat spacetime.

[1] A function f(z) is analytic at z if it has a convergent Taylor expansion in an open region containing z.


