Lecture I: A review of special relativity
(Dated: August 21, 2019)

I. OVERVIEW

This lecture introduces special relativity and the transformation laws. We will work from the point of view of
symmetries and coordinate transformations (there are several ways to introduce the subject, but I will start from the
constancy of the speed of light as a postulate since this is historically how special relativity was built).

This material corresponds to approximately Chapter 1 of Schutz.

II. SOME CONVENTIONS FOR RELATIVITY

[This roughly corresponds to §§1.3-1.4 of the book.]

Before we continue, we will set up a few conventions.

A. Units

In order to simplify the algebra, in this class we will work in the relativistic system of units where ¢ = 1. Since ¢
has units of velocity (299792458 m/s in SI), that means we can treat time and length as having equivalent units: e.g.,
1 year = 1 light-year, or 1 second = 1 light-second. Velocity is dimensionless in this system.

If you want to write a relativistic formula in SI, then you will have to find the right places to put factors of ¢
back into the equations, e.g., when we write v = (1 — v?)~'/2 (where 7 is dimensionless) then you should think
7= (102 e?) 12,

B. Coordinates

As in the book, we will write spacetime coordinates in the order (¢,z,y,z2). A reference frame is a system of
coordinates (¢, z,y, z) that assigns a time (¢) and spatial positions (x,y, z) to every event.

We will sometimes have to give the coordinates numbers (as appropriate when they are entries in the matrix). We
will start the numbering of coordinates at 0 (as you might do if you program in C or Python):

=t zl=z 2=y, and 2*=-:2 (1)

Note that we write coordinates with a superscript (“up” index), which may seem unusual to you coming from

undergraduate physics. The reason is that in relativity we are going to have a separate use for subscripts (“down”

indices) later. The superscript on a coordinate is not an exponent; if we mean an exponent, we will write this with
parentheses, e.g., (Ax!)? for the square of the change in z?.

We will sometimes have to write a generic index, £ where a could be any of 0, 1, 2, or 3. We will use Greek letters

to mean any of 0, 1, 2, or 3; Latin indices (e.g., #*) will be used to mean any of the spatial components: i = 1, 2, or 3.

C. Events

A point in spacetime (defined by both “when” and “where”: all 4 coordinates specified) is called an event. We
denote events with script letters P, Q, etc. (we do not use O, which will indicate a reference frame).

III. REMINDER OF REFERENCE FRAMES IN NEWTONIAN PHYSICS

We begin the content of our class with a review of reference frames in Newtonian physics. In Newtonian physics,
once an origin is specified, the time ¢ is universal and has the same numerical value in all reference frames. We will
consider only inertial frames in this lecture (we will consider accelerated frames in special relativity later).



A. Change of velocity

In Newtonian physics, you learned that the laws of physics could be equally well described by observers in different
reference frames. In particular, if an observer O moves at constant velocity V' with respect to an inertial observer O,
then in O’s frame, the time and spatial coordinates are related to O’s coordinates by

t=t and z=z-Vt. (2)

The velocity of an object is defined by

dx
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v=-—=—(x—-Vt)=v-—-V. 4
V=G =g )=v (4)

The acceleration a = dv/dt is invariant: a = a, a fact which underlies most of your applications of Newton’s 2nd law.
A transformation of reference frame of the form Eq. (2) is called a boost.

B. Rotations

Rotations are an ancient concept in geometry, pre-dating the concept of a coordinate system. I will discuss them at
length here (even though less is said about them in the book) because the concepts will be useful for understanding
other coordinate transformations. Both Newtonian physics and special relativity postulate that the laws of physics
are the same in a rotated reference frame. We may describe such a rotation as:

t=t and =R, (5)
where R is a 3 x 3 rotation matriz. A proper rotation matrix is defined as a matrix with the properties that:
e It preserves dot products: a-b = a - b for any two vectors a,b € R?.

e It preserves orientation (det R > 0). [Note — if det R < 0, then the matrix flips left- and right-handed bases and
is said to be improper. We don’t need to consider improper rotations here.]

Let’s pause here to think about what type of matrix R must be. Note that the first point means that

a'b=a"b, (6)
or
a’R"Rb = a"b. (7)
for all a,b. This is true if and only if
R'R =1, (8)

where I is the 3 x 3 identity. This looks like 9 equations for the 9 entries in R, however since RTR is symmetric
regardless of the entries in R there are only 6 independent equations. Thus there are 9 — 6 = 3 free parameters that
we can specify to define a rotation. [In N dimensions, there would be N(N — 1)/2 free parameters.] You can also see
by taking the determinant of Eq. (8) that

1 =detI=detR" detR = (detR)> — detR = +1. (9)

Here the + sign corresponds to a proper rotation, and the — sign corresponds to an improper rotation.

A matrix R satisfying Eq. (8) is said to be orthogonal; if further det R = 1, it is special orthogonal.

If Ry and Ry are two proper rotation matrices, you can see that the composition R{R5 is a rotation matrix by
noting:

(R1R2)"(RiRy) =RJR{R;Ry; =R}IR; =RJ Ry, =1L (10)



Similarly, you can see that if R is a rotation matrix then so is R™!, and also that I is a rotation matrix. These
properties, and the associativity of matrix multiplication, mean that the rotation matrices form a group in the
mathematical sense: they have closure, inverses, an identity, and associativity. (We won’t use or study group theory
in this class.) Note that rotations do not commute.

You probably learned that a rotation by angle ¢ around the z-axis is described by

z cos¢ sing 0 T
g | =] —sing cos¢p 0 y | . (11)
z 0 0 1 z

It can be shown that any proper rotation matrix R can be written as 3 such rotations; the angles of rotation are the
3 Euler angles ¢, 0, and 1:

costy siny 0 cosf 0 —siné cos¢ sing 0
R(¢,0,¢) = | —siney cosyp 0O 0 1 0 —sing cos¢p 0 |. (12)
0 0 1 sinf 0 cosf 0 0 1

C. Boost and rotation

A general change in reference frame can be written through a combination of a boost and a rotation:

t=t and z=R(z-Vt). (13)
This can be written in matrix form:
t t
T x
| =A , 14
7 Y (14)
z 4

where the 4 x 4 matrix A can be written in blocks as:

() () - (vl

(the lower-right block is 3 x 3). It takes 6 parameters (3 components of V' and 3 Euler angles) to define the matrix
A: if you really want, you can write A(V,,V,,V,,¢,0,1). It can be shown that the matrices A form a group.

Despite the fact that we have written space and time as part of the same vector here, in Newtonian physics the
two are not unified. Time is an absolute invariant: since ¢ = ¢, any observers O and O always agree on the time.
In contrast, the three spatial coordinates transform in a complicated way between reference frames. Moreover, since
velocities transform as

dez d
v=—=—[R(x—-Vt)] =R(v-V), 16
= LR - Vi) =R - V) (16)
one can see that light, traveling at speed ¢ = 1 in one observer’s frame, need not be traveling at ¢ in another observer’s
frame. This directly contradicts your derivation of the speed of light in E&M, which tells you the speed of light in
terms of fundamental constants; thus it is the same in every reference frame.

IV. THE LORENTZ TRANSFORMATIONS

We are now ready to construct an alternative set of transformations of spacetime that do preserve the speed of light.
I will do this algebraically, as opposed to the book (which does this graphically). We will assume the transformations
to be linear, which is appropriate when changing between rectilinear coordinate systems on a flat surface.



A. Derivation

We will leave the rotations alone — they work the same way in special relativity as in Newtonian physics or Euclidean
geometry. Instead, we will think about the boosts. Let’s imagine a transformation A corresponding to changing to
the reference frame of an observer moving at velocity V in the z-direction. Symmetry considerations tell us that many
entries in A must be 0:
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This uses the fact that, e.g., there is no difference between y and —y, so ¢ cannot have a term proportional to y; and
similarly ¢ cannot have a term proportional to ¢. Similarly, the gy and Zz entries must be the same since there is
nothing to distinguish the y from the z-axis.

We first recall that observer O is moving along the trajectory x = Vt, y = 0, z = 0. The barred position of O is:

T=ot+yr=0ct+~yVt=(oc+~V)t. (18)
Since O is at the spatial origin in their own rest frame, = 0, and so we must have
o=—V. (19)

Let’s now test the constancy of the speed of light. We first imagine light going through some displacement
(cosf,sinf,0) as seen by observer O. The spatial distance traveled is 1, so O must see this process taking a time

1. The spacetime displacement of the light is Az® = (1, cos6,sin,0). In the barred frame, O (who is moving with
respect to @) measures a displacement:

At =p+vcosf, AT =o0+vycosl, Aj=psinh, Az=0. (20)

We want to impose the condition that the speed of light is always 1 in the frame of 0. To do this, let’s first consider
light going in the a-direction (6 = 0). Here the speed of light in O’s frame is

1_A53_U+7

e (21)
Thus we see that we need
p+rv=c+~v=(1-V). (22)
Similarly, for light going in the —x direction (§ = 7), the speed of light in O’s frame is:
SRE-SE g
(I put in a —1 since the light moves to the left). Thus
p—v=y—oc=(14+V)y. (24)
This implies algebraically
w=v and v=-Vnr. (25)
Finally, let’s consider light moving in the y-direction in the O frame, thus § = 7. The speed of light in the barred
frame is
- \/Aj2 _J_AQQ _ \/02+p2 _ \/Vny? +p2’ (26)
At jz v
SO

PP=7 =V =(1-V*y or p=V1-V27. (27)



Thus all of our coefficients are determined except for an overall scaling ~.
You might be tempted to wonder if we can determine « by considering the speed of light going at an arbitrary angle
6. But based on what we already know, the speed of light as seen by O is:

VAT + Ay + A2
t
\/(J-i-’}/COSQ)z + p2sin? @
w~+ vcosb
\/(—V’y—i-'yCOSQ)2 + (1 = V2)y2sin* 0
v — V~vycosb
\/(—V+C089)2 +(1—-V2)sin?0
1—Vcosb
\/V2 — 2V cosf + cos? 0 + sin® § — V2sin? 0
1—Vcosf
VV2co0s20 — 2V cosf + 1
1—Vcosf
1—Vcost
1—Vcos

Therefore, the matrix we have constructed:

(28)

v |=Vy 0 0 t=7(—-Vuz)
| Vo 0 0 v(=Vt+2)
A=l o | 0 vicviy o0 G =TTy (29)
0 0 0 V1-V2y Z=V1-V2~z

we have automatically satisfied the condition that the speed of light at any arbitrary angle is the same in all reference
frames. This still does not determine -y.

So we need one more assumption in order to fix 7, and that is to presume the existence of such a thing as a
fundamental standard of time (e.g., the frequency of the *3Cs hyperfine transition, if you use SI). More precisely, two
observers in the same frame should be able to agree on how many seconds have passed between two events in their
laboratory. We set this up by doing a transformation from O to O, and then a back-transformation (boost by velocity
—V) from O to O. The two transformations should have the same value of +, since there is nothing to distinguish V'
from —V (rotational invariance!). The second transformation is thus:

8l
I

vy |Vy 0 0
V| 0 0
010 0 VI-V2y
and — by matrix multiplication —
v Vv 0 0 v |[-V~y 0 0
VAl v 0 0 -V 0 0

_ ¥
AvackA = 010 VI—V2Zy 0 0 0 VI-VZy 0
010 0 V1I—V2y 0 0 0 VI—V2y

1-V3)2| 0 0 0
0 1—-V?)42 0 0
0 0 0 (1—V?2)y2

We can see that this “transformation back” only works and leaves O with a consistent measurement of time (¢ = t)
if (1 —V?)y2? = 1. We thus see that

_ L (32)
=i



and the Lorentz transformation is

Aback =

(we will often leave v in the equations).

B. Simple implications

The most important — and surprising — result from the Lorentz transformation is that observers in different frames
do not agree on the time of an event: we cannot have ¢ = ¢t. This was the price to pay for forcing these observers
to agree on the speed of light. Moreover, observers don’t agree on the notion of simultaneity: O sees two events as
simultaneous if At = 0 or if At+V Az = 0. Thus two spatially separated events may be simultaneous for one observer
but not another.

Another implication is that the speed of light is a universal speed limit: the above formulas only make sense for
|[V]| < 1. We will see when we discuss accelerated observers how the “speed limit” is enforced.

V. MATHEMATICAL PROPERTIES OF THE TRANSFORMATIONS

We note several ways in which the Lorentz transformations are similar to rotation matrices. First, we see that
det A = 1 — this means that the spacetime volume element dt dx dy dz is conserved under change of reference frame.

A. Hyperbolic function description

You might wonder if the Lorentz transformations have a deeper relation to the rotations. In fact, they do. To see
this, let’s consider the Lorentz transformation with velocity

V =tanha, (34)

where « € R is the boost parameter. For small o < 1, we have V = «, but for very large boost parameter a,, V — 1
(we consider boosts to a frame very near the speed of light). Then using the hyperbolic identities:

Y= /i i e Vo tlanh2 - = cosha. (35)
Similarly,
V~ = tanh o cosh oo = sinh a. (36)
The Lorentz transformation matrix is thus:
coshar |—sinha 0 0
A— —Sl(I)lha cosoha (1) 8 (37)
0 0 01

From this point of view, the Lorentz transformation looks very much like a rotation. The difference is that it uses the
hyperbolic rather than trigonometric functions. This is a minor difference from an analytic point of view — after all,
every “rule” for trigonometric functions has a hyperbolic counterpart with a few sign flips (this is basically because
cos @ = coshia and isina = sinhic). But from a global point of view it is hugely important, because trigonometric
functions are periodic (rotation by 27 brings one back to the original frame), whereas if one keeps on boosting a
reference frame there is no such periodicity.



B. Invariant products

In our study of rotations, we learned that there was an invariant dot product, a - b, between two vectors, which in
matrix notation was simply a®™b. One might wonder if there is such a thing for the Lorentz transformations, but with
4-component vectors. It turns out that there is, but because of the sign flips associated with the hyperbolic functions
we have to change the invariant. We write

and then consider the quantity
a™™b = —a®b° + a'b' + a?b? + a®b3. (39)

Now it is obvious that under rotations, a®Mb will be invariant, since a® and b° are not affected by rotations, and
alb! +a?b? + a3b3 is the 3D dot product (which we already know to be invariant). Under the Lorentz boost, we have

a*Mb = aTATMAD. (40)
By direct multiplication, we see that
cosha |—sinha 0 0 —1(0 00 cosha |—sinha 0 0 —1[000
anaa - (e ) () (S e ) (e
0 0 01 0001 0 0 01 0001
SO
aTMb = aTMb. (42)

Thus a”Mb is an invariant. In fact, one normally defines the Lorentz group to be the group of 4 x 4 matrices A that
satisfy ATMA = M. It really is analytically just like defining rotations to satisfy RTR = L.

Note— This definition of the Lorentz group allows transformations that flip the direction of time (non-orthochronous)
and/or switch left- and right-handed coordinate systems. Again, we won’t usually consider such transformations, as
there is no continuous way to realize them.

C. Invariant intervals

The most basic use of the dot product in Euclidean geometry is to define the square norm of a vector, |a|? = a - a.
We can do the same thing with a 4D displacement vector Ax = (At, Az, Ay, Az) in spacetime. Its square norm is

As? = AzTMAz = —At? + Az? + Ay? + A2 (43)

This is known as the invariant interval. It looks like Euclidean geometry except for the — sign. However, the — sign is
extremely important: in Euclidean geometry, all non-zero vectors have positive square norm. In the geometry of special
relativity, As? may be positive, negative, or zero depending on whether the spatial displacement \/ Ax? + Ay? + Az?
is greater, equal to, or less than the time displacement |At|. Such displacements are called spacelike, lightlike (or null),
or timelike, respectively. Because As? is an invariant, the classification as spacelike, lightlike, or timelike does not
depend on the reference frame. Such a classification of directions of vectors has no analogue in Euclidean geometry.

For the timelike or null cases, one may also consider a displacement to be future-directed (At > 0) or past-directed
(At < 0); again, as long as we restrict to orthochronous transformations, all observers will agree on this distinction
(a timelike vector cannot be continuously transformed from future- to past-directed by Lorentz boosts, since they are
topologically disconnected).

So far as we know, a physical object may only have a displacement that is timelike or null, and future-directed.
(The mathematics of special relativity allow for other paths — after all, we are only talking about the path of an
object through spacetime — but allowing spacelike trajectories causes problems with causality and the initial value
formulation of physics since in someone’s reference frame these trajectories go backward in time.)




VI. PROPER TIME

For the timelike displacements, with As? < 0, we may consider an observer O who actually traverses that dis-
placement, i.e., where the two points have zero spatial separation AZ = Ay = Az = 0. In this case, we must have
As? = —At?. We thus define the proper time interval to be

AT =/ —As2. (44)

This is the time experienced on a path by an observer who actually traverses that path. Note that

Ar VA /AP AP AP AE \/1_ (Ax>2 (A;,) <Az>2 e )

At At At At At At

where v is the velocity of the path. In particular, the proper time experienced on a spaceship (observer O) moving at
constant velocity as it passes from event P to event Q is always less than the time span At = ¢(Q) —¢(P) as measured
in the lab frame (observer O).

You might be worried at this point about the following paradox. In the aforementioned problem, I told you that
the time measured on the spaceship (which is A7 = Af) is less than the time measured in the lab frame (At). That
is really true: a fast-moving muon lives longer as measured in the lab frame than a muon at rest. It is often said that
“time is slowed down” for a fast-moving observer. This seems weird, since in relativity we could always swap the two
observers: by the same logic, the observer on the spaceship thinks time is slowed down for the observer in the lab.
The resolution to this paradox is that we measured the times At and At between two specific events, P and Q, which
have definite spatial positions as well. (In the above example: P may be the creation of the muon, and Q may be its
decay.) One observer (the observer on a spaceship moving along with the muon) sees these events happening at the
same spatial point, and the other observer (in the lab) does not. Thus, even though relativity treats all inertial frames
on an equal footing, the specific problem we are solving makes a distinction between the lab and the spaceship.

VII. TRANSFORMATION OF VELOCITIES

The final problem we will solve is the transformation of velocities. Suppose that a particle is moving in frame O
in the z-direction at velocity w; its trajectory is x = vw (and y = z = 0). In the frame of an observer O moving at
velocity V' in the z-direction, we have

Az Az —VAt) ywAt-VAt) w-V

D= _ _ . 4
YA vy(At—-=VAz)  y(At—VwAt) 1-Vw (46)

(I am doing the parallel case for simplicity here.) This is to be compared with the formula from Newtonian physics,
w = w—V. In particular, we can see that in the limit of w — 1, we have @ — 1 (both the numerator and denominator
goto1l—V), and if w — —1 then w — —1.
A cool way to understand the transformation of Eq. (46) is to recall the difference-angle formula for tangents,
tan A — tan B
1+tanAtan B’

There is an equivalent formula for hyperbolic tangents with one sign change,

tan(A — B) = (47)
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Thus in Eq. (46), the velocities subtract in the same way as hyperbolic tangents, and we can write
w = tanh, @ =tanh, V =tanha, and ¢ =1 — a. (49)

The “angles” subtract (or add, if you prefer to write ¢» = o +1)). This should be familiar if you think about rotations
in Euclidean geometry: the angle a curve makes relative to the coordinate axes changes in this way when you rotate
the coordinate system. So the boost parameter « really does have some similarities to a rotation angle.



